Parametric and semiparametric tests of circular reflective symmetry about an unknown central direction are developed that are locally and asymptotically optimal in the Le Cam sense against asymmetric k-sine-skewed alternatives. The results from Monte Carlo studies comparing the rejection rates of tests with those of previously proposed tests lead to recommendations regarding the use of the various tests with small-to medium-sized samples. Analyses of data on the directions of cracks in cemented femoral components and the times of gun crimes in Pittsburgh illustrate the proposed methodology and its bootstrap extension.
Introduction
Symmetry, or more precisely reflective symmetry, is one of the most frequently encountered simplifying assumptions, the rejection of which generally leads to the subsequent exploration of models with more parameters than their symmetric counterparts. Its rejection also raises important issues as to precisely which of a distribution's characteristics are of primary and secondary interest.
For data observed on the real line, or linear data for short, numerous procedures have been proposed for testing symmetry. Such tests divide into two main groups: those for which the centre of the distribution is assumed known, or specified, and those for which it is not. Pewsey (2004) provides references for tests in the first category, and Pewsey (2002) for tests in the second. The latter is the one most directly relevant to the testing scenario considered here.
Email addresses: jose.ameijeiras@usc.es (Jose Ameijeiras-Alonso), christophe.ley@ugent.be (Christophe Ley), apewsey@unex.es (Arthur Pewsey), tverdebo@ulb.ac.be (Thomas Verdebout) For data whose natural support is the unit circle, things are somewhat more involved because, due to the circle's compactness and isometries of rotation and reflection, "symmetry" is not uniquely defined. There are thus at least four symmetry testing set-ups that might be of interest when analyzing circular data. The first, that of testing for cyclic, or l-fold, symmetry has no equivalent for linear data. Permutation-based procedures for this scenario were proposed by Jupp and Spurr (1983) . The second set-up, testing for symmetry about a specified axis against rotation alternatives, was considered by Schach (1969) . He obtained results for locally most powerful linear rank tests. The third scenario involves testing for reflective symmetry about some known or specified median direction. Tests for this set-up were proposed by Pewsey (2004) and Ley and Verdebout (2014) . Finally, the fourth testing scenario, and the one that we consider here, is that of reflective symmetry about some unknown central direction. Pewsey (2002) proposed a simple omnibus test for this set-up based on the sample second sine moment about the mean direction,b 2 .
In this paper we develop optimal tests of the null hypothesis that the distribution from which a random sample of circular data was drawn is reflectively symmetric about an unknown central direction against the alternative hypothesis that the distribution is k-sineskewed. The definition and basic properties of the k-sine-skewed family are given in Section 2, and a uniform local asymptotic normality (ULAN) property established for the family in Section 2.2. In Section 3.1, optimal parametric tests for circular reflective symmetry about an unknown central direction are developed which assume that the form of the base symmetric unimodal circular density is known. This last assumption is relaxed in Section 3.2 where optimal semi-parametric tests for circular reflective symmetry about an unknown central direction are developed which assume that the form of the base symmetric unimodal circular density is unknown but posited to be of a specified kind. Results from simulation experiments designed to explore and compare the size and power characteristics of the tests proposed here with those of Pewsey (2002 Pewsey ( , 2004 and Ley and Verdebout (2014) are reported in Section 4. On the basis of those results, recommendations are made concerning the application of the various tests. In Section 5 various tests of reflective symmetry are applied in the analysis of circular data on the cracks in cemented femoral components and the times of gun crimes. The paper ends with Section 6 in which our findings, related issues and extensions are discussed. Proofs of Lemma 3.1, Lemma 3.2 and Theorem 3.1 are presented in Appendix A, Appendix B and Appendix C, respectively. Additional results from the Monte Carlo studies reported in Section 4 are provided in Appendix D.
The k-sine-skewed family of distributions and its ULAN property
In this section we review the definition of the k-sine-skewed family of distributions and its properties, including its crucial ULAN property established in Ley and Verdebout (2014) . (1 + 2ρ cos θ), for 0 ≤ ρ < 1/2; f WCρ (θ) = (1 + 2 ∞ p=1 ρ p 2 cos(pθ)), for 0 ≤ ρ < 1. In these densities, κ and ρ are concentration parameters, with ρ denoting the mean resultant length. A location parameter µ ∈ [−π, π) can readily be introduced to change the centre of symmetry, leading to densities of the form f 0 (θ − µ) with modal direction µ. Inspired by the perturbation approach of Azzalini and Capitanio (2003) , Umbach and Jammalamadaka (2009) proposed circular densities of the form
where G is the cdf of some reflectively symmetric circular distribution and ω is a weighting function satisfying: (i) ω(−θ) = −ω(θ); (ii) ω(θ + 2πk) = ω(θ)∀k ∈ Z; (iii) |ω(θ)| ≤ π. For reasons of mathematical tractability, Umbach and Jammalamadaka (2009) focused on the case when G(θ) = (π + θ)/(2π), the cdf of the circular uniform distribution, and ω(θ) = λπ sin(kθ), k ∈ N 0 , λ ∈ [−1, 1]. These choices yield the k-sine-skewed family of distributions with density Figure 1 : k-sine-skewed wrapped Cauchy densities with µ = 0 and k = 1 (top row), k = 2 (middle row), k = 3 (bottom row). The five columns correspond, from left to right, to ρ = 0, 0.2, 0.4, 0.6, 0.8. In each panel, λ = 0 (dotted), λ = 1/3 (dashed), λ = 2/3 (long-dashed), λ = 1 (solid). right if λ < 0, and the density is generally unimodal. However, for certain base density and parameter combinations, (2.1) can be bimodal (Abe and Pewsey, 2011) . For k ≥ 2 and λ = 0, (2.1) is generally multimodal, λ determining the number of modes as well as their heights and skewness. Being interested in unimodal models, Abe and Pewsey (2011) restricted their attention to the k = 1 case, with densities 2) referring to them as sine-skewed circular densities. The reference to k-sine-skewed distributions extends their terminology. Figure 1 portrays examples of k-sine-skewed densities when f 0 is wrapped Cauchy. In applications, k-sine-skewed distributions have been used as models for ant orientation data and the times of thunder storms, in Abe and Pewsey (2011) , the CO 2 daily cycle at a rural site, in Pérez et al. (2012) , and forest disturbance regimes, in Abe et al. (2012) .
The k-sine-skewed family is an appealing one in the sense that it provides a dense family of distributions capable of describing varied forms of departure from the reflectively symmetric unimodal circular densities in F. This is the motivation for considering its cases with λ = 0 as the alternatives in our tests.
The ULAN property of k-sine-skewed densities
Let Θ 1 , . . . , Θ n be i.i.d. circular observations with common density (2.1). For any reflectively symmetric unimodal base density f 0 ∈ F and any k ∈ N 0 , denote the joint distribution of the n-tuple Θ 1 , . . . , Θ n by P f 0 ,k in the vicinity of unimodal reflective symmetry, i.e. around λ = 0, was established by Ley and Verdebout (2014) and is crucial to the development of our tests. Its derivation requires the following mild regularity condition on the base density f 0 to hold. ASSUMPTION A: The base density f 0 (θ) is C 1 almost everywhere over [−π, π) , or equivalently over R by periodicity, with derivativeḟ 0 almost everywhere.
Most classical reflectively symmetric unimodal densities satisfy this requirement. Note that the continuously differentiable condition over a compact manifold, combined with the fact that f 0 > 0, implies that the Fisher information quantity for location, I f 0 :=
(θ)f 0 (θ)dθ, where ϕ f 0 = −ḟ 0 /f 0 , is finite. The ULAN property of the parametric model P (n) f 0 ,k with respect to ϑ ϑ ϑ = (µ, λ) , in the vicinity of unimodal reflective symmetry, then takes the following form.
Theorem 2.1. Suppose f 0 ∈ F, k ∈ N 0 and that Assumption A holds. Then, for any µ ∈ [−π, π), the parametric family of densities P More precisely, for any µ (n) = µ + O(n −1/2 ) and for any bounded sequence τ τ τ (n) = (τ (n) 1 , τ (n) 2 ) ∈ R 2 such that µ (n) + n −1/2 τ (n) 1
and ∆ ∆ ∆
The proof of Theorem 2.1 is given in Ley and Verdebout (2014) , where a brief discussion of the minimal conditions required for the ULAN property to hold is also provided. The Fisher information for departures from unimodal reflective symmetry, Γ f 0 ,k;22 , and hence the cross-information quantity Γ f 0 ,k;12 , can easily be shown to be finite by bounding sin 2 by 1 under the integral sign. Note that the constant k has no effect on the validity of Theorem 2.1 and that ∆ (n) k;2 (µ) does not depend on f 0 . Remark 1. For the ULAN property to hold, the Fisher information matrix Γ Γ Γ f 0 ,k must be non-singular. Proposition 1 of Ley and Verdebout (2014) states that this is always the case, except for when f 0 is von Mises and k = 1. As we shall see in the sequel, a singular information matrix is of no relevance when building tests for reflective symmetry about a known central direction but precludes the construction of a powerful test for reflective symmetry against von-Mises-based sine-skewed alternatives when the central direction is unknown.
3. Optimal tests for reflective symmetry about an unknown central direction Ley and Verdebout (2014) proposed locally and asymptotically optimal tests, in the Le Cam sense, for reflective symmetry within the k-sine-skewed family when µ is known. In this section, we first consider the parametric testing problem
where f 0 is a specified density belonging to F and the unknown central direction under H 0;f 0 is estimated.
A drawback of the above tests is that they are only valid under the parametric null hypothesis H 0;f 0 with f 0 specified. In order to address the more general null hypothesis of reflective symmetry, we need a test statistic whose asymptotic distribution is valid under any symmetric density g 0 ∈ F. Thus, we subsequently consider the more demanding testing problem 5) in which the location parameter µ and the density g 0 both take on nuisance roles. For both problems, we make use of the ULAN property of Theorem 2.1 to derive tests that (i) are valid under the null hypotheses considered and (ii) achieve local and asymptotic parametric optimality against a k-sine-skewed alternative characterized by the fixed couple (f 0 , k) ∈ (F × N 0 ). In the semi-parametric testing problem (3.5), f 0 and k are chosen a priori by the practitioner and we derive tests φ (n);f 0 k that are asymptotically optimal against the (f 0 , k)-sine-skewed alternative and are such that
where the expectation is taken under any possible P (n) (µ,0) ;g 0 belonging to H 0 : i.e., they are valid under any density g 0 ∈ F.
Optimal tests: parametric scenario
For the testing problem (3.4), our tests are constructed using a root-n consistent and discretized (see Assumption B below) estimatorμ (n) . The main reason why this testing problem is more demanding than the fixed-µ problem considered in Ley and Verdebout (2014) is because the Fisher information matrix Γ Γ Γ f 0 ,k is not, in general, diagonal. If the information matrix Γ Γ Γ f 0 ,k were diagonal, the substitution ofμ (n) for µ would, asymptotically, have no influence on the behavior of the central sequence for departures from unimodal reflective symmetry ∆
Remark 2. The information matrix Γ Γ Γ f 0 ,k is never diagonal if k = 1. This can be seen by noting that sin(θ)ϕ f 0 (θ)f 0 (θ) > 0 over (−π, π). On the other hand, when k > 1 we can find densities for which Γ f 0 ,k;12 = 0, ∀k ∈ {2, 3, . . .}. If the density function is square integrable on [−π, π) this happens when α k = E[cos kΘ] = 0 for Θ ∼ f 0 , which can be proved using the Fourier expansion (see Jammalamadaka and SenGupta, 2001 , Section 2.1) of density (2.1). A well-known example where this occurs is the cardioid density, for which α 1 = ρ and α k = 0 for k > 1.
From Remark 2, the covariance Γ f 0 ,k;12 is only rarely null. Hence, a local perturbation of µ has the same asymptotic impact on ∆ (n) k;2 (µ) as a local perturbation of λ = 0. It follows that the cost of not knowing the value of µ is strictly positive when performing inference on λ: the stronger the correlation between µ and λ, the larger that cost. The worst case occurs when the information matrix is singular (see Remark 1), which leads to asymptotic local powers equal to the nominal level α. For this scenario, the best possible test is that which ignores the data and simply rejects the null hypothesis with probability α. Henceforth we refer to such a test as the "trivial test".
We address the cost of estimating µ by removing the effect of the location central sequence ∆ (n) f 0 ,k;1 (µ) from the skewness central sequence ∆ (n) k;2 (µ). To achieve this we use a Gram-Schmidt orthogonalization approach. We project ∆ (n) k;2 (µ) onto the subspace orthogonal to ∆ (n) f 0 ,k;1 (µ), which ensures that the resulting f 0 -efficient central sequence for skewness ∆ (n)ef f f 0 ,k;2 (µ) and ∆ (n) f 0 ,k;1 (µ) are asymptotically uncorrelated. This new central sequence is of the form
Now we make use of another important consequence of the ULAN property, namely the asymptotic linearity property:
∈ R as in Theorem 2.1. We refer the reader to Sections 2 and 3 of Koudou and Ley (2014) for in-depth discussions of these issues. It is not difficult to derive the asymptotic linearity property of ∆ (n)ef f f 0 ,k;2 (µ) from (3.7), namely:
Now consider replacing the non-random bounded sequence τ
for some root-n consistent estimatorμ (n) . The latter is bounded in probability and, via Lemma 4.4 of Kreiss (1987) , serves as an ideal candidate for τ
1 , provided the following assumption holds.
, and (ii) locally asymptotically discrete, meaning that, for all µ ∈ [−π, π) and all c > 0, there exists an M = M (c) > 0 such that the number of possible values ofμ (n) in intervals of the form {t ∈ R : n 1/2 |t − µ| ≤ c} is bounded by M , uniformly as n → ∞.
Note that Assumption B(ii) is a purely technical requirement, with little practical implication. Indeed, for fixed sample size, any estimator can be considered part of a locally asymptotically discrete sequence. However, it is this assumption that enables us to replace τ (n) 1 by n 1/2 (μ (n) − µ) in (3.8) thanks to the aforementioned Lemma 4.4 of Kreiss (1987) ,
as n → ∞.
Our locally and asymptotically maximin f 0 -parametric test, φ
, rejects H 0;f 0 at asymptotic level α whenever the statistic
exceeds the upper α/2 quantile of the standard normal distribution, z 1−α/2 , where Γ f 0 ,k;22.1
is the asymptotic variance of ∆
. Optimal properties of this test statistic are described in Section 3.2.
Different constructions of the test statistic Q (n);f 0 k are available depending on the choice of f 0 and k. Among the possible candidate base symmetric densities, here we describe the test statistic for three well-known models: the von Mises, the cardioid and the wrapped Cauchy. The sine-skewed extensions of these models were studied by Abe and Pewsey (2011) .
Von Mises distribution
For the von Mises distribution, ϕ f VMκ (θ) = κ sin(θ), Γ f VMκ ,k;11 = κA 1 (κ), Γ f VMκ ,k;12 = kA k (κ) and Γ f VMκ ,k;22 = (1 − A 2k (κ))/2, where A k (κ) = I k (κ)/I 0 (κ). As mentioned previously, when k = 1 the Fisher information matrix is singular and the resulting test reduces to the trivial test. For k > 1, the test statistic is
.
Cardioid distribution
Here, and in Section 3.1.3, we exclude the case when ρ = 0 as it corresponds to the circular uniform distribution. Since, when k > 1, Γ f Cρ ,k;12 = 0 (see Remark 2) and Γ f Cρ ,k;22 = 1/2 for the cardioid distribution, the parametric test statistic takes the form
When k = 1, straightforward calculations yield ϕ f Cρ (θ) = 2ρ sin(θ)/(1 + 2ρ cos(θ)), Γ f Cρ ,1;11 = 1 − 1 − 4ρ 2 and Γ f Cρ ,1;12 = ρ. The test statistic then becomes
Wrapped Cauchy distribution
For the wrapped Cauchy model we obtain ϕ f WCρ (θ) = 2ρ sin(θ)/(1 + ρ 2 − 2ρ cos(θ)),
Note that all of the test statistics in Sections 3.1.1-3.1.3, apart from Q (n);f Cρ k with k > 1, assume that the value of the concentration parameter, κ or ρ, is known.
Optimal tests: semi-parametric scenario
Consider now the testing problem in (3.5). Our objective is still to construct a test that is locally and asymptotically maximin for detecting an alternative characterized by a specified couple (f 0 , k) ∈ (F × N 0 ). The main difference between the semi-parametric scenario addressed here and the parametric one considered in Section 3.1 is that here we aim to build a test that is asymptotically valid under
. Specifically, we need to allow for the substitution of µ byμ
and the distinct possibility that g 0 = f 0 . The ULAN property combined with Lemma 4.4 of Kreiss (1987) leads to ∆
under P (n) (µ,0) ;g 0 as n → ∞, provided thatμ (n) satisfies Assumption B. Then, the substitution
has no asymptotic cost only if Γ g 0 ,k;12 = 0. As we saw in Remark 2, this will rarely be the case. In order to circumvent this problem and eliminate the asymptotic covariance Γ g 0 ,k;12 while keeping the (f 0 , k) target in mind, we consider an efficient central sequence
where η := Γ g 0 ,k;12 /Γ f 0 ,g 0 ,k;11 with
Since f 0 and g 0 are both periodic C 1 functions over a bounded set and f 0 , g 0 > 0, the cross-information quantity Γ f 0 ,g 0 ,k;11 is finite. When
, which, as we will see in the sequel, is key to maintaining the asymptotic optimality against (f 0 , k) alternatives. Integrating by parts, we obtain
and 12) provided that the following assumption holds.
In the following lemma, we establish that
are consistent estimators of Γ g 0 ,k;12 and Γ f 0 ,g 0 ,k;11 in (3.11) and (3.12), respectively.
Lemma 3.1. Suppose k ∈ N 0 , f 0 , g 0 ∈ F and Assumptions A, B and C hold.
The proof is provided in Appendix A. Using these estimators, our test is based on the estimated version of the efficient central sequence
The asymptotic distribution of Q * (n) f 0 ,k is formally established in Theorem 3.1, where we also prove the optimality properties of φ * (n) f 0 ,k . Before doing so, however, we first need the following result on the efficient central sequence in (3.13), whose proof is given in Appendix B.
Lemma 3.2. Suppose k ∈ N 0 , f 0 , g 0 ∈ F and Assumptions A, B and C hold. Then, as n → ∞ under P (n) (µ,0);g 0
Using Lemma 3.2, we can establish the optimality properties of the semi-parametric test φ * (n) f 0 ,k . Given a posited base density f 0 ∈ F and value of k, in Theorem 3.1 we provide the asymptotic properties of the test statistic Q * (n) f 0 ,k both under H 0 and a sequence of contiguous alternatives. Theorem 3.1 is the main result of the paper and resolves the complicated issue of the non-null behavior of semi-parametrically efficient test procedures for circular reflective symmetry about an unknown central direction against k-sine-skewed alternatives.
Theorem 3.1. Suppose k ∈ N 0 , the posited base density f 0 ∈ F and Assumptions (A), (B) and (C) hold. Then:
and
(both finite) ;
(iii) the test φ * (n) f 0 ,k is locally and asymptotically maximin at asymptotic level α when testing
The proof is given in Appendix C.
Theorem 3.1 states that φ * (n) f 0 ,k is valid under the entire null hypothesis H 0 , and so is asymptotically distribution and location free. Theorem 3.1(ii) provides an important result which can be used to calculate the asymptotic power of φ * (n)
as a function of the posited density f 0 . As in Section 3.1, here we focus on details of the test statistic when the posited density is von Mises, cardioid or wrapped Cauchy. To save on space, we only provide formulae for the numerator ∆ * (n);ecd f 0 ,k;2 (μ (n) ) rather than the full test statistic Q * (n) f 0 ,k .
Von Mises distribution
For the von Mises distribution,φ f VMκ (θ) = κ sin(θ). As in the parametric case, the trivial test is obtained when k = 1. When k > 1, the numerator of the test statistic, ∆ * (n);ecd
which, importantly, does not depend on κ. When k = 2 and the method of moments estimator of µ is used, straightforward calculations lead to Q * (n) f VMκ ,2 being asymptotically equivalent (in the sense that the difference is o P (1) as n → ∞) to theb 2 based test statistic of Pewsey (2002) . The latter is of the form
where
for any g 0 . It follows therefore that theb 2 based test is locally and asymptotically maximin against any 2-sine-skewed von Mises alternative, irrespective of the value of κ, when µ is unknown.
Cardioid distribution
Taking the cardioid density with ρ = 0 as the posited density f 0 , the derivative of ϕ f Cρ with respect to θ isφ f Cρ (θ) = 2ρ(2ρ + cos(θ))/(1 + 2ρ cos(θ)) 2 and the numerator of the test statistic, ∆ * (n);ecd
Remark 3. When the true underlying density, g 0 , is cardioid with ρ = 0, it follows from Remark 2 that, for k > 1, Γ g 0 ,k;12 = 0 and hence η = 0. Then
, irrespective of the posited density f 0 . This implies that, for fixed k > 1, the choice of the posited density f 0 has no effect on the local power of the test based on Q * (n) f 0 ,k when the true underlying distribution is cardioid. More specifically, when k = 2 the local asymptotic power of tests based on Q * (n) f 0 ,k is the same as that of the φ * (n) f VMκ ,2 test (see Section 3.2.1), and hence that of theb 2 based test of Pewsey (2002) , irrespective of the posited density f 0 .
Wrapped Cauchy distribution
When the posited density is wrapped Cauchy,φ f WCρ (θ) = 2ρ(−2ρ + (1 + ρ 2 ) cos(θ))/(1 + ρ 2 − 2ρ cos(θ)) 2 and the numerator of the test statistic, ∆ * (n);ecd
Note that, unlike ∆ * (n);ecd
Cρ,k;2 (μ (n) ) and ∆ * (n);ecd WCρ,k;2 (μ (n) ) assume that the value of the concentration parameter is known. However, as showed in Theorem 3.1, they are asymptotically well calibrated irrespective of the underlying density.
Monte Carlo results

Simulation experiment
In an extensive simulation experiment we compared the size and power characteristics of the parametric and semi-parametric tests proposed in Sections 3.1 and 3.2 with those of their counterparts, which we denote by φ (n);µ;g 0 k and φ * (n);µ k , respectively, proposed by Ley and Verdebout (2014) for when µ is specified. We also compared them with those of the b * 2 based andb 2 based tests proposed by Pewsey (2004 Pewsey ( , 2002 ) for when µ is specified and estimated, respectively. As the φ * (n);µ 2 and b * 2 based tests are identical (Ley and Verdebout, 2014 , Section 3), henceforth we present the results for the common test as being those for the b * 2 based test. Recall that, from Section 3.2.1 and Remark 3, theb 2 based test is asymptotically equivalent to the semi-parametric tests proposed here when k = 2 and f 0 is von Mises or g 0 is cardioid.
In our Monte Carlo study we simulated samples of size n = 30, 100, 500 from k -sineskewed distributions with µ = 0, λ = 0, 0.2, 0.4, 0.6, k = 1, 2, 3 and In all nine tables, the null hypothesis of reflective symmetry corresponds to λ = 0. For that value of λ, the results are invariant to the value of k because of the form of the density (2.1). Clearly, the scenario in which we would expect the tests to perform best is when the true value of k and the value posited for k are the same. In Table S1 , no results are given for φ (n);g 0 1 because, as explained in Section 3.1.1, it reduces to the trivial test when g 0 is von Mises. In Tables S1-S6, the rejection rates for the b * 2 based andb 2 based tests have been included to aid comparisons. From a consideration of the results in Tables 1-3 , where k is posited to be 2, it would appear that the various tests are correctly calibrated apart from theb 2 based test which tends to be somewhat conservative when n = 30 and g 0 is von Mises or wrapped normal. The results from another simulation study, not presented here, indicate that the bootstrap analogue of the test (Pewsey, 2002) maintains the nominal significance better for samples of size 30.
As expected, the rejection rates for the different tests generally increase with the sample size n and the value of λ, and are generally highest when k = k . Exceptions to these general patterns are, in Tables 1 and 2 , the φ (n);µ;g 0 2 and b * 2 tests which perform better for k = 3, rather than for k = 2, when g 0 is f VM 10 or f WN 0.9 . In Tables S1 and S2, for the same two g 0 densities, the φ (n);µ;g 0 1 and φ * (n);µ 1 tests perform better for k = 2, 3 than for k = 1. The base f VM 10 and f WN 0.9 densities are both highly concentrated and their k -sineskewed densities, like their counterparts in the right-hand column of Figure 1 , are close to unimodal.
When k = k , some of the tests perform, at best, like the trivial test. This is the case, and b 2 based tests calculated using 1000 samples of size n simulated from the k -sine-skewed distribution with the specified base von Mises density g 0 and values of λ and k . in Tables 1 and 2 , for theb 2 based and φ (n);g 0 2 tests when k = 1 and, again, g 0 is the highly concentrated f VM 10 or f WN 0.9 density. See also the results for the:b 2 based test when g 0 = f VM 10 and k = 1, in Table S1 ; φ (n);g 0 1 andb 2 based tests when g 0 = f WN 0.9 and k = 1, in Table S2 ; φ (n);µ;g 0 1 and φ * (n);µ 1 tests when g 0 = f C 0.45 and k = 3, in Table S3 ; φ (n);g 0 3 and b 2 based tests when g 0 = f VM 10 and k = 1, 2, in Table S4 , g 0 = f WN 0.5 and k = 1, in Table   S5 , g 0 = f WN 0.9 and k = 1, in Table S5 ; φ (n);µ;g 0 3 , φ * (n);µ 3 and φ (n);g 0 3 tests when g 0 = f C 0.45 and k = 1, in Table S6 . So, the problem is not exclusive to when the base g 0 density is highly concentrated.
The rejection rates for the φ (n);µ;g 0 k and φ * (n);µ k tests in Tables 1-3 and S1-S6 are very similar. Thus, when µ is correctly specified, there is little or no benefit gained from knowing the form of the underlying density, g 0 . To aid comparisons, results for the b * 2 based test have been included in Tables S1-S6. Comparing the results for the three tests, we conclude that when µ and k are known, the φ Table 2 : Rejection rates, for a nominal significance level of α = 0.05, of the φ (n);µ;g0 2 , b * 2 based, φ (n);g0 2 and b 2 based tests calculated using 1000 samples of size n simulated from the k -sine-skewed distribution with the specified base wrapped normal density g 0 and values of λ and k . Tables S1-S6 provide an indication of the power loss or gain associated with this testing strategy.
Again as might be expected, the rejection rates for the φ (n);g 0 k tests, for which µ is assumed unknown, are lower than those for their counterparts φ (n);µ;g 0 k and φ * (n);µ k for which µ is specified. The same does not always hold when k = k : see, for example, the results for k = 1 and g 0 = f WC 0.5 in Table 3 . Comparing the results in Tables 1-3 and S1-S6 for the φ (n);g 0 k andb 2 based tests, we conclude that when µ is unknown but g 0 and k are known, the φ (n);g 0 k test should be employed, except, of course, when g 0 is von Mises and k = 1. When µ, g 0 and k are all unknown, we recommend the use of theb 2 based test as an omnibus test. Tables S7-S9 illustrate what can happen to the rejection rates of the φ (n);µ;f 0 2 and φ (n);f 0 2 tests when the posited density f 0 is misspecified. When f 0 is more concentrated than g 0 , the tests tend to be liberal or very liberal, respectively: see the results for the φ (n);µ;f VM 10 2 and φ (n);f VM 10 2 tests in Tables S8 and S9 and the top half of Table S7 . On the other hand, Table 3 : Rejection rates, for a nominal significance level of α = 0.05, of the φ (n);µ;g0 2 , b * 2 based, φ (n);g0 2 and b 2 based tests calculated using 1000 samples of size n simulated from the k -sine-skewed distribution with the specified base density g 0 and values of λ and k . when f 0 is less concentrated than g 0 , the tests tend to be conservative or very conservative, respectively: see the results for the φ
and φ (n);f WC 0.5 2 tests in the bottom halves of Tables S7 and S8 .
In Tables S10-S12, we observe that the rejection rate of the φ * (n) f 0 ;2 test is little affected by the choice of f 0 . However, at least for a sample size of n = 30, the test tends to be somewhat conservative. When the φ * (n);µ 2 test of Ley and Verdebout (2014) is used with µ estimated from the data, we obtain the test denoted as φ . From the rejection rates for it, we conclude that the test is even more conservative than its φ * (n) f 0 ;2 counterpart, the true size being 0 for all three sample sizes considered when g 0 is highly concentrated. For less concentrated g 0 , its power can be lower or higher than that of its φ * (n) f 0 ;2 counterpart, depending on whether k is less than or greater than k, respectively.
Finally, we also considered the performance of the b * 2 based andb 2 based tests for data drawn from distributions outside the k-sine-skewed family. Specifically we simulated data from: (i) the distribution proposed by Kato and Jones (2010) (KJ 10 ) with µ = 0, r = 0.5, κ = 0.5, 0.9 and values of the skewness parameter of ν = 0, 0.2, 0.4, 0.6; (ii) the threeparameter asymmetric submodel given in Equation (7) of Kato and Jones (2015) (KJ 15 ) with µ = 0, γ = 0.5, 0.9 andβ 2 = νγ(1 − γ) for values of the skewness parameter of ν = 0, 0.2, 0.4, 0.6. The rejection rates obtained are presented in Table S13 . For both choices of κ for the KJ 10 distribution, the power of the b * 2 based test is far higher than that of theb 2 based test, the latter being very low. For the KJ 15 distribution, the rejection rates of the two tests are all very similar. For γ = 0.9 and a sample size of n = 500, theb 2 based test can even be more powerful than the b * 2 based test with µ specified.
Recommendations
On the basis of the conclusions drawn from the simulation experiment described above, combined with the theoretical results obtained in Sections 3.1 and 3.2, we make the following recommendations concerning the use of the various tests for circular reflective symmetry.
1. When µ and k are known, use the φ * (n);µ k test of Ley and Verdebout (2014) .
2. When µ is known but k is unknown, use the b * 2 based omnibus test of Pewsey (2004) . 3. When µ is unknown but g 0 and k are known, use the parametric φ (n);g 0 k test proposed here, except when g 0 is von Mises and k = 1.
4. When µ and g 0 are both unknown but k > 1 is known, use the semi-parametric φ * (n)
f VMκ ,k test proposed here. 5. When µ and g 0 are both unknown but k = 1 is known, or µ is unknown and it is known that g 0 is von Mises and k = 1, use any semiparametric φ * (n) f 0 ,k , with f 0 ∈ F, apart from a von Mises f 0 .
6. When µ, k and g 0 are all unknown use theb 2 based omnibus test of Pewsey (2002) .
Illustrative applications
In this section we illustrate the application of various tests of reflective symmetry in analyses of two datasets taken from the Biomechanical and Political Sciences literature, respectively.
Cracks in cemented femoral components
The first dataset we analyze was collected during an in vitro fatigue study of total hip replacements described in Mann et al. (2003) . Here we consider the directions, measured in angles relative to the centre of the stem, of fatigue cracks around the cemented femoralLateral Anterior Medial Posterior +components in six hip implants. After an extended stress cycle had been applied, each femur was sectioned in 10 mm intervals from the level of the implant collar to the distal tip of the stem. Measurements at 60 and 70 mm were not made because of limiting physical constraints imposed by the experimental setup. As a result, two groups of measurements were obtained: those in the proximal (10-50 mm) region and those in the distal (80-110 mm) region. After removing one bone described by Mann et al. (2003) as having "an inferior cement mantle with substantial stem-cement voids", the total number of cement cracks was 2001: 1567 in the proximal region, and 434 in the distal region. Circular data plots for the two regions, together with rose diagrams and kernel density estimates obtained using the plug-in rule of Oliveira et al. (2012) to select the concentration parameter, are portrayed in Figure 2 . Mann et al. (2003) showed that the directions of the fatigue cracks are not uniformly distributed and that their distributions in the two regions differ. Here we investigate whether the cracks in the two regions are symmetrically distributed about some unknown centre.
Lateral
The plot on the left-hand side of Figure 2 suggests that the underlying distribution for the crack directions in the proximal region is probably unimodal, i.e. k = 1. The emboldened results in Table 4 are the p-values for the parametric tests of Sections 3.1.1-3.1.3 and their semi-parametric counterparts of Sections 3.2.1-3.2.3 when k = 1, 2, 3. The others are the p-values for parametric bootstrap versions of those tests that assume the concentration parameter to be known, the mean resultant length having been estimated using the mean resultant length. The similarity between the non-bootstrapped and bootstrapped p-values in the four pairings where they coincide, is striking. As in this case µ, g 0 and k are all Table 4 : P-values for the parametric φ (n);g0 k test and, in brackets, the semi-parametric φ * (n) f0,k test, for assumed g 0 and k or posited f 0 and k, respectively, applied to the 1567 crack directions in the proximal region. The emboldened results correspond to tests which do not require the estimation of the concentration parameter. The others were obtained using parametric bootstrap versions of the tests with µ estimated by the sample mean direction,θ, ρ by the sample mean resultant length,R, truncated when necessary to 0.4999, and B = 1000 bootstrap replications. unknown, our recommended test in this context is theb 2 based test. The p-value for it is 0.61, equal to or just slightly larger than all of the p-values for k = 2, 3 in Table 4 . At least for this dataset and k = 2, 3, then, the type of test, assumed or posited underlying distribution, and estimation or not of the concentration parameter, would appear to have little effect on the p-value. For k = 1, perhaps the more relevant case for the crack directions under consideration, three of the p-values are larger than 0.61 and the other is slightly lower. Clearly, none of the p-values in Table 4 provides significant statistical evidence against reflective symmetry. We note that for these data the sample mean direction is −1.644 radians, just below −π/2 = −1.571 radians which would correspond to an estimated mean crack direction in the posterior region of the femur. The sample skewness,b 2 /(1 −R) 3/2 , for these data is 0.017, corroborating reflective symmetry for the underlying distribution. Table 5 contains analogous results to those in Table 4 for the crack directions in the distal region. For these data, the p-value of the recommendedb 2 based test is 0.048. From a consideration of the right-hand panel of Figure 2 , there appears to be no reason to assume that the underlying distribution has any more than two modes, and so we ignore the results for k = 3. For k = 1, 2, nine of the ten p-values in Table 5 are equal to or marginally less than that for theb 2 based test. The one discordant p-value of 0.088 corresponds to the bootstrapped version of the parametric test for an assumed wrapped Cauchy distribution and k = 1. Reflective symmetry for the underlying crack directions in the distal region is thus rejected at the 5% significance level, sometimes marginally, by 10 of the 11 tests. For these data the sample mean direction is 1.921 radians, marginally less than 2π/3 = 2.094 radians which would correspond to an estimated mean crack direction midway between the anterior and medial regions of the femur. The sample skewness is 0.106, somewhat larger than it was for the crack directions in the proximal region.
These results shed further light on the data, and complement the findings in Mann et al. f0,k test, for assumed g 0 and k or posited f 0 and k, respectively, applied to the 434 crack directions in the distal region. The emboldened results correspond to tests which do not require the estimation of the concentration parameter. The others were obtained using parametric bootstrap versions of the tests with µ estimated by the sample mean direction,θ, ρ by the sample mean resultant length,R, truncated when necessary to 0.4999, and B = 1000 bootstrap replications. 
Times of gun crimes
Our second illustrative example involves data on the times of gun crimes committed in Pittsburgh, Pennsylvania, during the period from 1st January 1992 to 31st May 1996. The time of each crime was taken to be the nearest hour to the time it was reported to the emergency telephone number 911. During the period in question, there was a total of 15831 registered gun crimes. A circular plot of the data, together with a rose diagram and a kernel density estimate calculated using the rule of thumb of Taylor (2008) , are provided in Figure 3 . The data were first presented in Cohen and Gorr (2001) and were previously analyzed by Gill and Hangartner (2010) to explore their distribution and establish whether gun crimes were more frequent in the afternoon than in the morning. The combined plot in Figure 3 suggests the underlying distribution is unimodal and skew.
Suppose we were interested in testing whether the underlying distribution of the gun crime times was reflectively symmetric about midnight. Ignoring the fact that the data have been discretized, converting them to radians and assuming that k = 1, the p-value of the semi-parametric φ * (n);µ 1 of Ley and Verdebout (2014) is 0. If, instead, k is assumed to be unknown and the recommended b * 2 based test of Pewsey (2004) applied, the p-value obtained is also 0. Hence, whichever of the two scenarios is thought to apply, reflective symmetry about midnight is emphatically rejected.
As there is no obvious reason why the centre of the distribution should be taken as midnight, we next consider results for tests which assume that µ is unknown. Applying the bootstrapped versions of the parametric and semi-parametric tests proposed here with g 0 (f 0 ) assumed (posited) to be cardioid or wrapped Cauchy and k (k) assumed (posited) to be 1, all four p-values obtained are also 0. And so is the p-value of theb 2 based omnibus test. Hence, there is overwhelming evidence that the distribution underlying the gun crimesis not reflectively symmetric: neither about midnight, nor about any other central time.
The sample mean direction is −0.367 radians, corresponding to a mean time of 22:40. The sample skewness is 0.368, supporting the findings from the tests that the underlying distribution is not reflectively symmetric.
Discussion
In this paper we have developed tests for circular reflective symmetry about an unknown centre that are optimal against k-sine-skewed alternatives. Recommendations for their use, as well as other tests that have been proposed in the literature, were established in the light of the simulation based results reported in Section 4. As mentioned there, the proposed tests are generally conservative when the sample size is of the order of 30. In such circumstances, their bootstrap analogues tend to maintain the nominal significance level better. In Section 5 we applied bootstrap versions of the tests proposed here incorporating estimation of the concentration parameter of g 0 or f 0 . An in-depth treatment of such tests will be the focus of a future paper. In addition, theoretical consideration can be given to the non-bootstrap analogues of the tests presented here when the concentration parameter is estimated. This would involve: (i) considering a general location-concentration-skewness model; (ii) establishing the ULAN property for this general model; (iii) finding conditions under which the central sequence for the concentration parameter is independent of the other parameters; (iv) checking if appealing models satisfy such conditions; (v) deriving test statistics and investing their optimality properties.
The tests proposed here, as well as those in Ley and Verdebout (2014) , are locally and asymptotically optimal in the Le Cam sense. Clearly, there are other methodologies one might adopt to derive powerful tests for reflective symmetry about an unknown centre. One possibility would be to explore a data-driven approach, similar to that used by Bogdan et al. (2002) for testing circular uniformity, to select the value of k. Another, presently being developed by the first author, is to combine the developed test procedures with a pre-test for the number of modes of the underlying distribution.
In recent years, numerous families of skew-symmetric circular distributions have been proposed in the literature. Kato and Jones (2015) refer to a number of them. The development of powerful tests of reflective symmetry for use with such families certainly merits future attention.
Our second illustrative application involved discretized data, whereas the methodology we have employed assumes the data to be continuous. Another line of potential future research would be to develop test procedures for discretized data based on the bootstrap and symmetrization approaches described in Pewsey (2002) .
Circular data are just one class of directional data. Others include bivariate circular data distributed on the torus, cylindrical data, spherical data and data distributed on the surfaces of the extensions of such Riemannian manifolds. The development of tests for reflective symmetry on such manifolds would be of considerable interest. Ideas underpinning such tests are explored in Jupp and Spurr (1983) and Jupp et al. (2016) .
Due to the local discreteness ofμ (n) (Assumption B), it is sufficient to show that
. The law of large numbers leads to
as n → ∞ under P (n) (µ,0);g 0 so that it only remains to show that
Sinceφ f 0 is continuous on a compact support, it is bounded. The result then follows by applying Lebesgue's dominated convergence theorem.
under P as n → ∞ under P (n) (µ,0) ;g 0 . Part (i) then follows from the CLT. Part (ii) is obtained via Le Cam's third lemma. First, it is necessary to calculate the joint distribution of ∆ * (n);ecd f 0 ,k;2 μ (n) and log(dP
. We use Lemma 3.2 and the fact that
as n → ∞ under P (n) (µ,0) ;g 0 , obtained using the multivariate CLT. Now, since P (n) (µ,0) ;g 0 and
are mutually contiguous, applying Le Cam's third lemma we obtain that
Part (iii) can be shown by combining result (C.1) under P (n) (µ,0) ;f 0 with the result from the beginning of Section 3.2, namely that ∆ (n);ecd
, and therefore under contiguous alternatives, together with the optimality of the parametric test φ
Appendix D. Additional results from the Monte Carlo studies
In Tables D.6-D.18 we present additional rejection rates to complement those presented in Tables 1-3 for the Monte Carlo experiments referred to in Section 4 of the paper. , φ * (n);µ 1 , b * 2 based andb 2 based tests calculated using 1000 samples of size n simulated from the k -sine-skewed distribution with the specified base wrapped normal density g 0 and values of λ and k . andb 2 based tests calculated using 1000 samples of size n simulated from the k -sine-skewed distribution with the specified base density g 0 and values of λ and k . Table D .9: Rejection rates, for a nominal significance level of α = 0.05, of the φ (n);µ;g0 3
, φ * (n);µ 3 , b * 2 based, φ (n);g0 3 andb 2 based tests calculated using 1000 samples of size n simulated from the k -sine-skewed distribution with the specified base von Mises density g 0 and values of λ and k . andb 2 based tests calculated using 1000 samples of size n simulated from the k -sine-skewed distribution with the specified base wrapped normal density g 0 and values of λ and k . andb 2 based tests calculated using 1000 samples of size n simulated from the k -sine-skewed distribution with the specified base density g 0 and values of λ and k . and φ (n);f0 2 tests when f 0 is posited to be f VM10 , f Cρ (cardioid with any valid value of ρ) or f WC0.5 , calculated using 1000 samples of size n simulated from the k -sine-skewed distribution with the specified base von Mises density g 0 and values of λ and k . and φ (n);f0 2 tests when f 0 is posited to be f VM10 , f Cρ (cardioid with any valid value of ρ) or f WC0.5 , calculated using 1000 samples of size n simulated from the k -sine-skewed distribution with the specified base wrapped normal density g 0 and values of λ and k . and φ (n);f0 2 tests when f 0 is posited to be f VM10 , f Cρ (cardioid with any valid value of ρ) or f WC0.5 , calculated using 1000 samples of size n simulated from the k -sine-skewed distribution with the specified base density g 0 and values of λ and k . Table D .15: Rejection rates, for a nominal significance level of α = 0.05, of the φ * (n) f0;2 test when f 0 is posited to be f VMκ (von Mises with any valid value of κ), f C0.45 or f WC0.5 and the φ * (n);μ (n) 2 test (φ * (n);µ 2 with µ estimated from the data), calculated using 1000 samples of size n simulated from the k -sine-skewed distribution with the specified base von Mises density g 0 and values of λ and k . with µ estimated from the data), calculated using 1000 samples of size n simulated from the k -sine-skewed distribution with the specified base wrapped normal density g 0 and values of λ and k . with µ estimated from the data), calculated using 1000 samples of size n simulated from the k -sine-skewed distribution with the specified base density g 0 and values of λ and k . Table D .18: Rejection rates, for a nominal significance level of α = 0.05, of the b * 2 based andb 2 based tests calculated using 1000 samples of size n simulated from: the Kato and Jones (2010) distribution with parameters µ = 0, r = 0.5 and the values of ν and κ specified (KJ 10 ); the three-parameter asymmetric submodel given in the Equation (7) of Kato and Jones (2015) with parameters µ = 0, r = 0.5 and the values of γ andβ 2 = νγ(1 − γ) specified (KJ 15 ). 
